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The two-dimensional, semi-infinite symmetrical head with gap corner angle  and in the absence of a soft underlayer was postulated 
in the early history of magnetic recording to develop the field theory necessary for modeling and understanding the record and 
readout processes.  Practical and mathematical considerations limited the theory of this general head structure to corner angles  = 90° 
(right-angled head) and  = 0° ("thin" gap head).  Thus explicit and analytical solutions for the gap potential function and its Fourier 
transform (necessary for determining the fields beyond the head surface) as functions of corner angle for symmetrical heads remain 
unavailable.  Moreover, saturation in the gap corners associated with reduction of the gap corner angle is not well understood and  
characterised.  In this article, the scalar magnetic potential of a single 2-D corner is derived exactly, and superposition of two corner 
potentials was then used to derive an approximate analytical expression for the gap potential function of 2-D symmetrical heads with 
arbitrary corner angle.  The derived expressions for the potentials and fields were in excellent agreement with exact analytical 
solutions and with finite-element solutions for all  ≤ 90°.  The derived expressions were also shown to predict accurately the surface 
potentials of other symmetrical head structures including the tilted pole head, the parallel plate head and the tilted plate head.  An 
analytical approximation for the Fourier transform of the surface field for the 2-D symmetrical head was derived, showing the shift in 
the spectral gap nulls towards longer wavelengths with reducing gap corner angle.  Systematic finite-element calculations of the static 
vector potential for the 2-D symmetrical head were carried out using a nonlinear B-H core material model for different driving fields 
and corner angles.  Corner saturation was characterised by the driving fields that yield 10% root-mean-square deviation from the 
linear material response. The simulations correctly predicted the known saturation driving field 

/2 for right-angle heads (

 is the 
core saturation magnetisation), and revealed a generalisation for all  ≤ 90° in the form of the exponential dependence 

exp(), 
where the free parameters  and  were determined from fitting to the finite-element simulations for both field maxima and their 
gradients. 
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I. INTRODUCTION 
he magnetic recording head is a fundamental 
component of magnetic recording systems, and through its 
interaction with the recording medium characterises the record 
and readout performances [1].  The interaction with the 
recording medium is through the magnetic fields generated by 
or coupled through the gap or pole region of the magnetic 
head.  Head field theory is therefore fundamental to model and 
understand the nature of this interaction and to identify the 
critical parameters that affect the magnitude and distribution 
of these fields. 
 
One of the early head field studies by Karlqvist [2] 
postulated the general two-dimensional symmetrical head with 
interior corner angle α shown in Fig. 1.  The work in [2] and 
subsequent theoretical work on head fields in the literature 
focused on right-angled corners (α = 90°), mainly due to the 
convenience in mathematically dealing with a geometry that 
conforms to the Cartesian coordinate system where classical 
boundary value methods of solution of Laplace's equation for 
the scalar magnetic potential are applicable (e.g. Fourier 
techniques [2]-[4]).  Gap corner saturation in right-angled 
heads is also well understood and characterised (e.g. in [5]), 
where numerical calculations indicated that saturation 
(identified by the deviation from the linear, constant 
permeability, material response) occurs at driving fields that 
are approximately equal to Ms/2, where Ms is the saturation 
magnetisation of the head core material. In the other extreme 
when the gap corner angle α → 0°, the so called 'thin' gap 
head is produced, with surface field derived exactly by 
Westmijze using conformal mapping [6] (and later revisited 
by Mallinson [7] and others [8] to augment existing simplified 
head potential and field models to include the contribution of 
head surface charges). 
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FIG. 1  Two-dimensional, semi-infinite symmetric head with gap length g and 
interior corner angle α.  The poles are assumed to have infinite permeability 
and therefore have constant equal but opposite magnetic potentials. 
 
For symmetric head structures with general corner angles 
90° ≤ α ≤ 0°, the field theory is not well developed and only 
implicit conformal mapping solutions may be derived for this 
T 
  
2
geometry [9], [10] which require numerical inversion to 
determine the magnetic fields as functions of spatial 
coordinates.  Thus the dependence of head field magnitude, 
distribution and wavelength response on corner angle is not 
explicitly known.  Furthermore, there is currently no 
systematic study that characterises the dependence of 
saturation driving fields on corner angle for the 2-D symmetric 
head structure in Fig. 1. 
 
In this paper, a very accurate approximation for the gap 
potential function of 2-D symmetric heads is derived in 
closed-form for any gap corner angle.  This approximation is 
constructed by first deriving exactly the scalar magnetic 
potential near a two-dimensional corner with variable corner 
angle through solution of Laplace's equation in polar 
coordinates, and then superposing the magnetic potentials of 
two corners displaced from each other by a distance equal to 
the gap length.  The validity of the derived expressions and the 
superposition process is demonstrated by comparison with 
available exact solutions (for α = 0° and 90°) and to finite-
element calculations using Comsol Multiphysics® [11].  The 
method of superposition was successfully used previously to 
approximately model more complex 2-D head geometries, 
such as finite pole-width and finite throat-height thin-film 
(rectangular) heads [12].  Superposition of potentials and 
fields of two-dimensional corners (or wedges derived by van 
Herk  [13]) was also used to model the fields from finite track-
width heads [14].  However, the two corner surfaces in [13] 
were at different potentials and can not be used to model an 
individual 2-D head corner.  Moreover, the finite track-width 
head model in  [14] still assumed a linear gap surface potential 
to calculate the resulting magnetic fields, which is only valid 
for increased separations from the head surface (y/g > 0.5).  In 
this work, the two surfaces of each 2-D corner are 
equipotentials to model an entire head corner.  The closing 
boundary condition for each corner is chosen carefully to 
enable the application of superposition and produce an 
accurate model for the potential in the head gap region 
(without making any assumptions or using fitting parameters).  
It is also shown that the superposition approach adopted in this 
work can be extended to model the gap potential function of a 
wide variety of head structures. 
 
Gap corner saturation is investigated systematically here 
using finite-elements in Comsol Multiphysics for a range of 
corner angles and driving fields.  The static vector potential 
formulation is solved using linear (constant permeability) and 
nonlinear B-H core material models.  The driving fields 
responsible for 10% root-mean-square deviation from the 
linear B-H model are used to characterise the onset of 
saturation (as fractions of the core material saturation 
magnetisation).  The outcomes of the simulations allowed the 
identification of a functional form for the correlation between 
the saturation driving fields and interior gap corner angle, and 
saturation effects on the effective head gap length. 
 
The theoretical work in this paper is based on the 2-D, 
semi-infinite gapped head structure shown in Fig. 1.  In this 
case the gap length is assumed small compared to the other 
head dimensions (cross-track width and throat height).  The 
effect of a soft underlayer is not included in this paper due to 
limited space, but can be easily modeled using the integral 
transform theory developed by the authors in [15] to determine 
the reaction of the underlayer on the magnetic potentials and 
fields for any head geometry.  The boundary value problems 
solved in this work are all based on static scalar and vector 
potentials since the focus is on field mapping and 
characterising corner saturation and its dependence on corner 
angle, and therefore transient effects are ignored. 
 
The potential of a single corner is derived exactly in Section 
II of this article from solution of Laplace’s equation in the 
polar coordinate system.  The superposition of two corner 
potentials is used in Section II to derive an accurate closed-
form expression for the gap potential function of the 
symmetrical head in Fig. 1.  The Fourier transform of the 
corresponding surface field is derived in Section IV.  Finite-
element modeling of corner saturation is presented in Section 
V to characterise the dependence of driving fields on gap 
corner angle.  The discussion section will explain the accuracy 
of the single corner and superposition methods, demonstrate 
the applicability of this theoretical approach to model the gap 
potential function of other 2-D head structures, and highlight 
the general understanding gained from the theoretical 
development for the 2-D symmetrical heads.  The influence of 
corner saturation on the change in effective head length with 
decreasing corner angle is also discussed and calculated for 
the 2-D symmetrical head.  
II. POTENTIAL NEAR A 2-D CORNER 
Figure 2 shows a semi-infinite corner made from infinitely 
permeable material with surfaces at magnetic potential U0.  
The evaluation region between the two surfaces is closed at 
radius ρ0 from the origin by the (dashed line) boundary at the 
specified potential f(θ).  The orientation of the two corner 
surfaces is specified by angles θ0 and θ1, allowing flexibility 
in modeling pole corners at different orientations. 
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FIG. 2  Single corner made from infinitely permeable surfaces, and associated 
boundary conditions.  The potential and field evaluation region is enclosed by 
the surface defined by the potential f(θ). 
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Using the polar coordinate system with radius ρ and polar 
angle θ to describe the corner geometry and boundary 
conditions, Laplace’s equation for the scalar magnetic 
potential u(ρ, θ) is given by: 
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Using variable separation and application of the boundary 
conditions indicated in Fig. 2, namely u = U0 at θ = θ0 and θ = 
−θ1, yields the Fourier series solution near the corner (where u 
= U0 as ρ → 0): 
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The coefficients Bm are determined from application of the 
boundary condition u = f(θ) at ρ = ρ0.  Requiring that the 
potential vanishes at ρ = ρ0 by setting f(θ) = 0 (to allow 
application of superposition of corner potentials as will be 
detailed later) yields: 
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which upon application of the orthogonality property of the 
Fourier series, the coefficients can be determined exactly and 
were found to be: 
 
[ ] 






+
−
−−= 100
0 1)1(
2 θθ
π
ρ
π
m
m
m
m
U
B  (3) 
 
Substituting (3) into (2) and evaluating the summation exactly 
using [16], the potential near the corner can be written as: 
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This corner potential will be used next to derive an 
approximate expression for the gap potential function of the 
symmetrical gapped head structure with arbitrary corner angle 
α.  To evaluate the surface potentials in the next section, the 
Cartesian coordinate system is used, which is related to the 
polar system using 22 yx +=ρ  and )/(tan 1 xy−=θ . 
 
III. GAP POTENTIAL FUNCTION APPROXIMATION AND 
MAGNETIC FIELDS 
 
Figure 1 shows a general gapped head structure with gap 
length g and inclination angle α where 0° ≤ α ≤ 90°.  The 
potential in the gap region is modeled here by superposing the 
surface potentials of two corners with equal and opposite 
potentials ±U0, and displaced from the origin by ±g/2.  This is 
what is referred to here as the "gap potential function" for a 
magnetic head.  For superposition to be applicable, the scalar 
potential enclosing one corner at radius ρ0 must vanish at the 
other corner, to avoid disturbing the potentials on the pole 
surfaces.  This requires that ρ0 = g in (4).  Thus the gap 
potential function can be written as the superposition of the 
surface potential in (4) at y = 0 for the right corner with 
potential U0 using θ1 = 0 and θ0 = 2π−α, and the surface 
potential of the left corner with potential –U0 using θ1 = π−α 
and θ0 = π (α is in radians in these substitutions).  This yields 
the following expression for the gap surface potential:   
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where |x| ≤ g/2, )2/( αππη −=  and α is in radians.  In deriving 
(5), )/(tan 1 xy−=θ  for each corner was determined at y = 0 in 
the correct quadrant as a function of x, and is equal to π at the 
right corner, and 0 at the left corner. 
 
The surface potential approximation in (5) is plotted in Fig. 
3 (dashed lines) and compared with the exact solutions for α = 
90° (from Fourier series analysis [4]) and α = 0° ("thin" gap 
head [6]).  For all other angles, Laplace’s equation in two-
dimensions was solved numerically using finite-elements in 
Comsol Multiphysics® using the same boundary conditions 
used in the theoretical analysis and indicated in Fig. 1.  It can 
be observed from Fig. 3 that the gradient of the surface 
potential decreases towards the centre of the gap and increases 
near the head corners with reducing α.  Thus reducing the 
corner angle α consequently has the effect of increasing the 
field magnitudes near the head corners due to increased charge 
densities, and a reduction of the field magnitude towards the 
centre of the gap.  Figure 3 also demonstrates the excellent 
agreement between the derived closed-form surface potential 
in (5) and the exact calculated surface potential.  This 
excellent agreement is attributed to the presence of the 
contribution of magnetic charges on both surfaces of each 
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corner to correctly model the potential and therefore fields 
near the gap.  The largest deviation in the surface potential 
between superposition and the exact solutions occurs at α = 0°.  
This may be attributed to the large potential gradient in the 
approach to and near an individual corner at this angle, which 
increases the error from superposing (or more explicitly 
subtracting) the contribution of the adjacent corner potential in 
(5).  Nevertheless, the maximum root-mean-square deviation 
due to the superposition approximation at α = 0° is still small 
at 0.58%.    
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FIG. 3  Half of the gap surface potential in the symmetrical head at different 
corner angles.  The solid lines represent exact calculations using exact 
analytical solutions or finite-element solutions of Laplace’s equation, and the 
dashed lines represent the closed-form solution obtained from superposition in 
(5). 
 
Using the derived gap potential function, the potential and 
fields everywhere beyond the head surface can now be 
determined by convolving the surface potential u(x,0) with the 
Green’s function for the semi-infinite geometry shown in Fig. 
1.  The magnetic fields are then determined from the gradient 
of the potential, i.e. u−∇=H , and are given by [1][17]: 
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where Hx and Hy are the x and y components of the magnetic 
field respectively.  Equations (6) can not be integrated exactly 
using the surface potential in (5), and were instead integrated 
numerically.  The corresponding magnetic fields, normalised 
by the deep-gap field, Hg = 2U0/g, are plotted in Fig. 4 for 
different corner angles (dashed lines), and compared with 
exact solutions (solid lines) for α = 90° (from [4]) and 0° 
(using surface potential from [6]) and with finite-element 
calculations for the remaining angles.  This figure illustrates 
excellent agreement between the superposition approximation 
and the exact fields, following the agreement observed for the 
surface potential.  The effect of reducing the corner angle α is 
an increase in magnitude and gradient of the fields in the gap 
corner regions, and a decrease of amplitude of the fields 
towards the gap centre as illustrated in Fig. 4.  This behaviour 
follows the changes in surface potential with reducing α 
illustrated in Fig. 3.    
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FIG. 4 Plot of the calculated (a) longitudinal and (b) vertical components of 
the magnetic fields using the surface potential derived from the superposition 
of corner potentials (dashed lines).  The theoretical fields are compared with 
exact field solutions and with finite-element calculations (solid lines).  The 
fields were evaluated at y/g = 0.1. 
IV. FOURIER TRANSFORM OF SURFACE FIELD 
 
The dependence of the wavelength content of the head field 
on the gap corner angle α is investigated here by deriving the 
Fourier transform of the surface field.  The surface, in a 
similar manner to the surface potential, enables the 
determination of the fields beyond the head surface.  Head 
separation and medium thickness effects can be accounted for 
by multiplying the surface field transform by the spacing and 
thickness loss terms [1].  The gradient of the potential in (5) 
does not permit direct evaluation of an exact analytical 
solution for the Fourier transform.  Thus instead, a very good 
approximation for the surface potential is derived using the 
first term in the Fourier series solution of the corner potential 
in (2), which after the application of superposition can be 
readily shown to be: 
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The series coefficients were determined by requiring that the 
surface potential of each corner vanishes at the other pole 
corner (at x = ±g/2).  The surface field is then given by the 
gradient of the potential: 
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indicating that the magnitude of the field is inversely 
proportional to the gap length g, and scales with the gap 
corner angle α through η.  Applying the spatial Fourier 
transform to (7) [17] yields the surface field spectrum: 
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where k = 2π/λ is the wavenumber at wavelength λ, and Γ(η, 
jkg) is the incomplete Gamma function [18].  The Fourier 
transform in (8) is real due to the even symmetry of the 
surface field, and its magnitude (normalised by the long 
wavelength response) is illustrated in Fig. 5.  This figure 
shows a shift in the gap spectral nulls towards longer 
wavelengths and increase in the magnitude of the spectrum at 
shorter wavelength with reducing α.  This behaviour can be 
explained by inspection of the surface potential in Fig. 3, 
which exhibits increased gradients towards the gap corners 
with reducing α and therefore an increase in the effective head 
gap length.  The increase in gap length reduces the spatial 
bandwidth of the head spectrum, leading to the shift in gap 
nulls towards longer wavelengths.  At the same time, the 
increased gradient of the potential leads to the observed 
enhancement in the magnitude of the spectrum at shorter 
wavelengths.  It is also important to note from Fig. 5 that the 
first gap nulls in the spectrum occur exactly at g/λ = 0.88 and 
0.80 for α = 90° and 0° respectively, which are in remarkable 
agreement with the exact Fourier series solutions for α = 90° 
in [4], and the exact Bessel function solution for the "thin" gap 
head (α = 0°) derived by Westmijze [6].  This is further 
evidence of the validity of the proposed method of 
superposing corner potentials to model the gap potential 
function of symmetrical heads in this paper.  The Fourier 
transform of the surface field will be used later in this article 
to determine the change in effective gap length with corner 
saturation.  
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FIG. 5  Fourier transform of the symmetrical head at different corner angles, 
normalised by the surface transform at long wavelengths (i.e. k → 0) which is 
equal to −2U0. 
V. GAP CORNER SATURATION 
Saturation of head corners is intrinsic in magnetic head 
materials with increasing driving fields.  The reduction of 
corner area with reducing corner angle α further increases the 
magnetic flux density and enhances saturation [19].  The 
reduction of the permeability associated with saturation and 
hence in magnetic material in the gap corner region, leads to 
increases in the effective head gap length and head-to-medium 
separation, therefore reducing the head field magnitude and 
gradient (which are necessary for high density writing)  [5].  
Corner saturation in symmetrical heads with tilted corner is 
investigated here numerically to characterise the dependence 
of the saturation driving fields on corner angle.  The analysis 
are based on using a nonlinear B-H model for the head core 
material, and examination of the driving fields (as fractions of 
the material's saturation magnetisation) necessary for 
deviation from the linear (constant permeability) material 
behaviour. 
 
The magnetic fields arising from nonlinear corner saturation 
are modeled here using the static vector potential form of 
Maxwell's equations, which in two dimensions is written as: 
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where Az is the vector potential normal to the x-y plane, µ0 is 
the permeability of free space and µr is the relative 
permeability of the head core material.  The magnetic flux 
density is then derived from the curl of the potential: 
 
zB zA×∇=  (10)  
 
and the magnetic field is defined through the constituent 
relation: 
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The field dependence of the relative permeability of the core 
material is assumed here to follow Monson [20]:  
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where µi is the initial permeability, and H0 is a critical field for 
the onset of saturation and related to the core material 
saturation magnetisation Ms through: 
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The system of equations in (9) – (12) was solved for Az in (9) 
using finite-elements in Comsol Multiphysics, which is then 
used to determine B from (10) and finally H according to (11).  
To avoid the implicit dependence of H on µr in (12), the 
magnetic field in (12) is written in terms of the magnetic flux 
density using (11) where 
rµµ0/BH =  and iBH µµ000 /= , 
allowing the permeability in (12) to be rewritten explicitly in 
terms of B as: 
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The geometry and boundary conditions used in the finite-
element model are shown in Fig. 6 (not to scale), where only 
half the head structure was modeled due to symmetry.  The 
outer boundaries are located at distances that are at least 10 
times greater than the gap length to avoid any outer corners 
fields interfering in the gap region.  The boundary condition at 
the centre of the gap at x = 0 is n × H = 0 to ensure symmetry, 
with zero tangential fields along this boundary.  The same 
boundary condition is applied to the outer boundary on the 
right beyond the gap corner.  The lower semi-circular 
boundary was used to model the head field contours at large 
distances from the head surface, and to avoid corner effects in 
the simulations.  The difference in the vector potentials 
between the upper (Az = 0) and lower (Az = A0) boundaries 
determines the magnitude of the driving field in the 
simulations.  Parametric simulations were therefore carried out 
first to establish the correlation between A0 and the more 
meaningful head deep-gap or surface fields, to set the 
appropriate driving field magnitudes in the simulations as 
fractions of the saturation magnetisation of the core material.  
The small highlighted region in the head corner has 
dimensions comparable to the gap length and is used to finely 
refine the resolution of the finite-element mesh (with 
maximum mesh size of g/10) to sufficiently sample the large 
spatial changes in permeability in this region and ensure 
convergence in the finite-element solver. 
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FIG. 6  Diagram of the structure and boundary conditions of a symmetrical 
head corner region modeled using finite-elements for studying corner 
saturation (not to scale).  Only half the structure is modeled due to symmetry. 
 
The core material parameters used in the simulations 
include a saturation magnetisation Ms = 7.96×10
5
 A/m (10 kG) 
and initial permeability µi = 2000, which are typical for a 
permalloy.  These values yield H0 = 398 A/m and B0 = 1 T.  
Due to the scaling properties of (12), core material values with 
different saturation magnetisation can be used and scaling can 
be applied to the results in this paper to predict the 
corresponding magnitude of the driving and head fields [21]. 
 
A. Right-angled gap corners 
 
Initial parametric simulations were carried out for a range of 
applied vector potentials A0 using constant (linear) initial 
permeability, and correlated to the calculated deep gap field 
Hg for right-angled corners.  This yielded a linear relationship 
between A0 and Hg, which persisted even with using the 
nonlinear permeability model in (12).   
 
To study the effect of corner saturation, the magnetic fields 
maxima in the gap region at a spacing y/g = 0.1 from the head 
surface, were determined for increasing values of Hg using the 
constant (linear) permeability and nonlinear permeability 
model in (12).  Figure 7 shows the calculated field maxima 
normalised by Ms and compared with the constant 
permeability case (µ = µi).  Deviation from the linear B-H 
behaviour and therefore the onset of saturation is normally 
used to characterise saturation in magnetic recording heads 
[5], [21].  For consistency throughout this paper, the onset of 
saturation will be defined to occur at the driving field that 
causes a 10% root-mean-square deviation from the linear B-H 
model.  For α = 90° in Fig. 7, this happens at deep-gap fields 
Hg/Ms ~ 0.52 and 0.48 for Hx and Hy respectively, in 
agreement with previous work [5]. 
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FIG. 7  Gap field maxima calculated using finite-elements as functions of the 
driving deep-gap field using the linear and nonlinear permeability models for 
the right-angled head.  The vertical broken lines indicate the deep-gap fields at 
which saturation starts.  The inset shows the permeability distribution in the 
corner region when Hg/Ms = 0.52 from the finite-element simulations. 
 
The computed magnetic fields using finite-elements are 
shown in Fig. 8, where the effects of corner saturation appear 
in the form of widening of the magnetic field distributions and 
reductions in the field magnitudes and gradients near the 
corner regions.  These are also symptoms of increases in the 
gap length and in the separation from the head surface, which 
are both caused by the reduction of the permeability (magnetic 
material) in the saturated corner region.  Also shown in Fig. 8 
are the magnetic fields calculated using the derived surface 
potential in (5) for infinite core permeability, and exhibit 
excellent agreement with the fields computed using the 
nonlinear permeability model in the non-saturated state (Hg = 
0.25Ms), thus providing further evidence of the validity of the 
surface potential derived in (5) from superposition of corner 
potentials. 
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FIG. 8  (a) Longitudinal and (b) vertical head field components for a right-
angled head (α = 90°) from finite-element calculations using the nonlinear 
permeability model in (12), with increasing driving fields.  The dash lines 
represent the magnetic fields calculated using the theoretical surface potential 
in (5) with infinite head permeability. 
 
B. Tilted gap corners 
 
In the case of tilted corner heads, the fields deep inside the 
gap are no longer uniform and not meaningful in describing 
the driving fields in the finite-element simulations.  An 
alternative to quantifying the driving fields in this case is to 
use the calculated surface field at the gap centre when the core 
permeability is constant (linear B-H characteristics).  
Nevertheless and to be consistent with the right-angled head 
results, it is useful to derive an equivalent deep-gap field that 
is a function of corner angle α for tilted corner heads.  The 
approximate surface field in (7) can be used to derive a 
relationship between the surface field at the gap centre and an 
equivalent deep-gap field for tilted corner heads.  Evaluating 
(7) at the centre of the gap yields: 
 
ηη−−≈ 20 2)0,0(
g
U
H x
 (15) 
 
Writing gUH g /2 0=α  in (15) to describe the equivalent deep-
gap field, and solving for Hgα in terms of the computed surface 
field Hx(0,0) (for constant or infinite permeability) yields: 
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)0,0(
2 1
xg HH η
η
α
−−
=  (16) 
 
where Hgα = Hg when α = 90°.  Thus for a given gap surface 
field (set by the difference in the vector potentials at the 
boundaries in the simulated structure) and corner angle in the 
finite-element calculations, the equivalent deep-gap field can 
be computed approximately using (16). 
 
The simulation results in Fig. 9 illustrate the change in the 
maxima of the magnetic fields with increasing driving fields at 
a spacing of y/g = 0.1 from the head surface for corner angle α 
= 45°.  As expected, deviation from the linear behaviour and 
therefore saturation occurs at lower driving fields compared to 
the right-angled head; the (10%) onset of saturation occurs at 
Hgα/Ms ~ 0.29 and 0.28 for Hx and Hy respectively in this case. 
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FIG. 9  Calculated gap field maxima for corner angle of 45° using finite-
elements as functions of the effective deep-gap field using the linear 
(constant) and nonlinear models of the permeability.  The vertical dashed lines 
indicate the deep-gap fields at which saturation starts for both field 
components.  The inset shows the permeability distribution in the corner 
region when Hgα/Ms = 0.25 from the finite-element simulations. 
 
The calculated magnetic fields from the finite-element 
simulations (normalised by the effective gap field defined in 
(16)) using the nonlinear B-H model for α = 45° are illustrated 
in Fig. 10, and show significant widening of the field 
distributions and reduction in their amplitude near the 
(saturated) gap corners with increasing driving fields beyond 
the saturation threshold.  The dashed lines in Fig. 11 are the 
fields calculated using the analytical gap potential function 
derived in (5) and very well agree with the non-saturated 
fields (at Hgα = 0.125Ms). 
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FIG. 10  (a) Longitudinal and (b) vertical head field components for a tilted 
corner head with α = 45° from finite-element calculations using the nonlinear 
permeability model in (10).  The dash lines represent the magnetic fields 
calculated using the theoretical surface potential in (5) with infinite head 
permeability. 
 
The finite-element simulations were repeated for a number 
of corner angles using the linear and nonlinear B-H models, to 
study the dependence of the saturation onset for the magnetic 
fields and field gradients on the corner angle.  Some of the 
results are shown in Fig. 11 for maximum Hx and its gradient.  
The variation of maximum Hy and its gradient with driving 
field closely follow the curves shown in Fig. 11 and therefore 
are not included here for brevity.  As indicated in Fig. 11, 
reducing α increases corner saturation due to the increased 
flux density, leading to reduction in the driving field at which 
deviation from the linear behaviour occurs.  It is also evident 
from this figure that the effect of corner saturation on the field 
gradients is more severe, where deviation from the linear 
behaviour occurs at lower driving fields. 
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FIG. 11  (a) Maximum Hx and (b) its maximum gradient, calculated for a two-
dimensional symmetrical head at distance y/g = 0.1 from the head surface, as 
functions of increasing effective gap-field Hgα calculated using finite-elements 
for some values of corner angles.  The solid lines represent calculations with 
the nonlinear B-H model defined in (10) (or (12)), and the dashed lines 
represent the fields calculated using the constant (initial) permeability µi = 
2000 (representing the linear B-H behaviour). 
 
The variation of the onset field for saturation sat
gH α  with gap 
corner angle determined from the finite-element calculations is 
plotted in Fig. 12 on a logarithmic scale (markers), indicating 
the exponential dependence of sat
gH α  on α.  This exponential 
dependence can be expressed as:   
 
)exp(/ αα baMH s
sat
g =  (17) 
 
where a and b are free parameters, and α is in degrees (when α 
is in radians, b in the exponent must be multiplied by 180/π).  
The exponential dependence in (17) is plotted as the solid 
lines in Fig. 12 using least-square fitting with the best fit 
values for a and b listed in Table I for Hx and Hy and their 
gradients.  Figure 12 and the fitting parameters in Table I 
show that the saturation driving fields for both Hx and Hy are 
very close. 
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FIG. 12  The dependence of saturation driving field Hgα for (a) Hx and (b) Hy, 
and their gradients, on the gap corner angle calculated using finite-elements 
for two-dimensional symmetrical head structures.  The saturation field is that 
which results in 10% rms deviation of the maximum field and its gradient 
from the linear B-H behaviour.  The best fit solid lines were produced using 
the exponential function )exp( αba , where the best fit values for the 
constants a and b are listed in Table I.    
 
TABLE I 
BEST FIT PARAMETERS FOR THE EXPONENTIAL DEPENDENCE OF SATURATION 
DRIVING FIELDS ON GAP CORNER ANGLE. 
Parameter a b 
Hx 0.151 0.0137 
Hy 0.149 0.0130 
dHx/dx 0.0459 0.0173 
dHy/dx 0.0423 0.0185 
Note that the above values are for α in degrees. 
 
VI. DISCUSSION 
 
In the first part of this theoretical article, the magnetic scalar 
potential near a single corner with equipotential surfaces was 
derived exactly through solution of Laplace's equation in polar 
coordinates.  Superposition of the potentials of two corners 
with equal but opposite potentials and displaced from each 
other by a distance equal to the gap length g, yielded an 
analytical approximate model for the surface potential of 
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symmetrical gapped head structures with arbitrary corner 
angle α.  The derived expression for the surface potential and 
corresponding calculated magnetic fields beyond the head 
surface were in excellent agreement with exact available 
solutions and finite-element calculations (with maximum 
normalised root-mean-square deviation less than 0.6%).  This 
remarkable agreement can be attributed to the natural 
inclusion of the contribution of magnetic surface charges of 
both corner surfaces in each pole to correctly model the 
potential near each corner.  This is in contrast to previous 
theoretical work where the contribution of only one surface 
charge is considered (Karlqvist linear potential 
approximation), or an estimated proportion of the contribution 
of two surfaces were considered [2], [8], [22].  Another reason 
for the success of the superposition approximation here is the 
large concentration of magnetic charges near the pole corners 
for α ≤ 90°, whose contribution can be sufficiently modeled 
over one gap length from the corner apex along the 
pole/corner surfaces.  This can be understood by examining 
the magnetic surface charge density near a single corner, 
which is equal to the normal component of the surface field 
Hθ, and is given by θρθ duH / /1 ∂−==⋅nM  where n is the 
vector normal to surface.  Using the first term in the series 
expansion of the magnetic potential for a single corner in (2) 
for simplicity (with sufficient accuracy near the corner region) 
yields the surface charge density along one of the surfaces as: 
 
1   −∝=⋅ ηθ ηρHnM  
 
where ρ is the distance from the corner apex and 
)2/( αππη −= .  For corner angles α ≤ 90° the exponent in 
Hθ is negative and sufficiently large to maintain the charge 
concentration near the corner and within one gap length from 
apex along the surfaces.  In addition to the confinement of the 
magnetic charges to the corner region with inclined corners α 
≤ 90°, the symmetry of the considered head geometry and 
hence balanced charge density contribution lead to the success 
of the superposition approach in deriving accurate description 
of the surface gap potential function for symmetrical heads. 
 
The above theory may thus be extended to other 
symmetrical head structures with angled corners.  Few 
examples are shown in Fig. 13 illustrating the use of 
superposition of corner potentials defined in (4) to determine 
analytically the surface potential for (a) a tilted pole head, (b) 
parallel plate head and (c) tilted plate head.  The parallel plate 
and tilted plate heads have infinitely small pole widths.  
Comparison of the analytical solutions for the surface 
potential to finite-element calculations in Fig. 14 show the 
remarkable accuracy of the superposition approximation, thus 
indicating the general applicability of this method in modeling 
the gap potential functions and therefore fields of other 2-D 
symmetrical head structures.  Beyond the outer surfaces of the 
plate heads, the surface potential in (4) is only valid near the 
corners, since the enclosing boundary in the model is forced to 
zero potential at a distance equal to the gap length from the 
corner apex.  Thus to model the potential beyond the pole 
corners, ρ can be adjusted by comparison to finite-element 
calculations to model the gradual decrease in surface potential 
away from the outer corners.  Alternatively, the potential 
beyond the outer pole corner can be approximated using the 
series expansion of the conformal mapping solution derived 
by Westmijze [6], or by using a rational function 
approximation with free parameters determined by fitting to 
finite-element calculations [23][24]. 
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FIG. 13 Calculated surface potential using superposition of corner potentials 
defined in (4) for (a) tilted pole head, (b) parallel plate head, and (c) tilted 
plate head.  The calculations are compared with finite-element simulations 
(red dashed lines). 
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The superposition-based potential theory presented in this 
article show in general an increase in gradient of the scalar 
potential near the gap corners and reduction of potential 
gradient towards the gap centre with reductions in α as 
indicated in Fig. 3.  This leads to an increase in the effective 
head gap length and the observed shift in the spectral gap nulls 
in the surface transform towards lower wavenumbers with 
reducing α as indicated in Fig. 5.  The increased potential 
gradient towards the gap corners with decreasing α increases 
the magnitude and gradient of the magnetic fields in this 
region as shown in Fig. 4.  The corresponding reduction in the 
potential gradient near the gap centre with decreasing α leads 
to the reduction of the magnitude of the magnetic fields in this 
region (as shown in Fig. 4) by a approximately a factor of η as 
indicated by the surface field in (7).  These changes to the 
magnetic fields with corner angle are more dominant at small 
separations from the head surface (y/g ≤ 0.1).  For larger 
separations however, the changes in the gradient of the surface 
potential and therefore magnetic fields over the range of 
values of α ≤ 90° are modest and do not significantly alter the 
magnitude and distribution of the magnetic fields.  This may 
go some way in explaining the success of simplified two-
dimensional head field theories for right-angled corners over 
the years, such as that of Karlqvist [2], in modeling and 
predicting the magnetic fields of a variety of magnetic 
recording head structures at practical and increased 
separations from the head surface, despite the tolerances and 
disparities expected in the manufacturing and operation of 
these heads, with their non-ideal geometries. 
 
The other half of this article investigated head saturation in 
symmetrical heads with tilted gap corners through finite-
element modeling and simulations, using the vector potential 
formulation and the nonlinear B-H core material permeability 
model of Monson [20].  To characterise corner saturation, the 
saturation onset field was defined to occur at the driving field 
that causes a 10% root-mean-square deviation from the linear 
(constant permeability) material model.  For the right-angled 
head, the simulations correctly predicted a saturation driving 
field ~ Ms/2 in agreement with previous calculations [5].  With 
decreasing corner angle, the finite-element simulations in Fig. 
11(a) show severe saturation in the gap corners with deviation 
of the field maxima from the linear behaviour happening at 
driving fields as low as Ms/5 for α = 20°.  The effect of corner 
saturation on maximum field gradients is even more severe as 
shown in Fig. 11(b) with deviation from the linear model 
occurring at driving fields that are less than half of the 
saturation fields for the field maxima as indicated in Fig. 12.  
The change in saturation driving field in this work was found 
to depend exponentially on the gap corner angle as described 
in (17) and illustrated in Fig. 12, for both components of the 
magnetic field and their gradients. 
 
One consequence of saturation in the gap corners is a 
reduction in the magnetic material in the gap region and 
therefore an increase in the effective head gap length.  Since 
the wavenumber of the first gap null in the surface field 
spectrum is directly related to the gap length, the increase in 
effective gap length due to saturation can be estimated from 
the shift in wavenumber of the first gap null in the Fourier 
transform of the calculated surface field from finite-elements 
[21].  However, it is not practical to use the surface field in the 
evaluation due to the singularity in the gap corners which can 
not be numerically sampled sufficiently in finite-elements to 
allow accurate evaluation of the Fourier transform and 
corresponding gap nulls.  Instead, the calculated longitudinal 
field from finite-elements at a close proximity of y/g = 0.01 to 
the head surface is used and its Fourier transform is computed 
as a function of driving field at different gap corner angles.  
The small head separation was used here is to reduce the 
effects of spacing losses on the spectrum, particularly if the 
spacing loss can not be decoupled from the gap loss due to 
complete saturation of large regions of the tilted gap/pole 
corners, without affecting the gap null wavenumbers.  
Dividing the theoretical wavenumber of the first gap null from 
(8) for the unsaturated head, by the calculated wavenumber of 
the first gap null from finite-elements for the saturated head 
therefore reveals the increase in effective gap length due to 
saturation with increasing driving field.  In particular this 
provides an estimate of the ratio of the effective gap length for 
the saturated head geff to the theoretical (non-saturated) gap 
length gtheo, which is plotted in Fig. 14.  For the right-angled 
head with α = 90°, the increase in effective gap length is 
modest and in very close agreement with previous calculations 
in [21].  With reducing corner angle, the effect of corner 
saturation is more severe leading to larger increases in the 
effective gap length even at relatively small driving fields.  
This large increase in effective gap length leads to the 
deterioration of the magnetic field magnitudes and their 
gradients in the corner regions as illustrated in Fig. 10. 
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FIG. 14  The change in effective gap length with increasing driving field at 
different gap corner angles.  The effective gap length is estimated from the 
wavenumber of the first gap null in the Fourier transform of the calculated 
head field from finite-elements at a spacing of y/g = 0.01 from the head 
surface, relative to the theoretical gap null wavenumber estimated from (8). 
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VII. CONCLUSIONS 
1. An analytical expression for the gap potential function of 2-
D symmetrical heads at any gap corner inclination angle α was 
derived in this work.  The derivation is based on obtaining an 
exact solution for a single 2-D corner that takes into account 
the charge distribution of both corner surfaces and then 
applying superposition of two corners through appropriate 
choice of boundary conditions.  The derived analytical 
expression (and corresponding magnetic fields) were found in 
excellent agreement with exact solutions and finite-element 
calculations.   
 
2. The superposition approach can be extended to other 2-D 
symmetrical head structures with great accuracy: this was 
demonstrated for the parallel plate, tilted plate and tilted pole 
heads. 
 
3. An approximate analytical expression for the Fourier 
transform of the surface field of 2-D symmetrical heads was 
derived, showing the shift of the spectral gap null towards 
shorter wavenumbers with decreasing gap corner angle. 
 
4. Static finite-element calculations of gap corner saturation in 
2-D symmetrical heads with tilted corners were carried out 
using a nonlinear B-H material model for a number of corner 
angles ≤ 90°.  Corner saturation was characterised by the 
driving fields that yield 10% root-mean-square deviation from 
the linear (constant permeability) case.  The simulations 
indicated severe saturation effects with decreasing corner 
angle, occurring at lower driving fields compared to the right-
angled head.  This is accompanied by significant increases in 
effective head gap length identified from the shift in the 
spectral gap null.  The finite-element simulations also showed 
that severe deterioration of head field gradients occurs at less 
than half the driving field required for deviation of the field 
maxima from the linear material response.    
 
5. The finite-element simulations in this work identified an 
exponential dependence of the saturation driving fields on gap 
corner angle and core material saturation magnetisation Ms in 
the form: aMsexp(bα), where the free parameters a and b were 
determined from fitting to the finite-element simulations for 
both field maxima and their gradients.  
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